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Synopsis:WeconstructasolutiontothestationaryNavier・Stokesequatio皿sin
theannulardomaininR2undertheboundaryconditonwithnon-vartishingoutflow.
Itshouldbenotedthatinthegeneraユca3e,thesolutionwasknowntgexistunder
theboundaryconditonwithvanishingoutflow.
1 Introduction
LetΩbeaboundeddomaininRn(n≧2)withsmoothboundary∂Ω.Thenon-
homogeneousboundaryvalueproblemofNavier-Stokesequationsisasfollows:
1-v△u+(u・ ▽)u+一 ▽P
ρ
divu
u
=fin Ω
=OinΩ
=bon∂ Ω
(1)
whereu=(u1,u2,…,un)(thefluidvelocity),ρ(thepressure)areunknown,and
ρ(density),〃(kinematicviscosity)aregivenpositiveconstants,f(externalforce),
b(velocityattheboundaly)aregivenvectors.
J.Lerayshowedtheexistenceofthesolutiontothisploblemunderthefol-
10wing℃ondition:
(H)/r .b・nd・一 ・,1≦i≦k●
where∂ Ω=∪ 二1r{,r`istheconnectedcomponentof∂ Ωandnistheunit
outwardnormaltotheboundary∂ Ω.Theconditon(H)isstrongerthanthe
con(htion
(H)・ムb・nd・-Sムb・nd・一・'
whichissatisfiedbytheboundaryvaluebofsolenoidalvector.
Weareconcernedwiththeproblemwhethertheboundaryvalueproblem(1)
hasasolutionprovidedthattheconditon(H)oissatis丘ed,evenifthecondition
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(H)maynothold.Asamatteroffa£t,thisproblemhasbeenremainedopen
untilvelyrecently(c.f.[3],[6]),whilesolvabilityoftheboundaryvalueproblem
(1)under(H)wasestablishedbyJ.Lerayabout60yearsago(See[5]、Seealso
[2]).Theaimofthissmallreportistoderiveanaflirmativeresultofthisproblem,
through'anexplicitstudyofasimplecase,namely,theboundaryvalueproblem
(1)inananhulardomainintheplane.
LetDbeanannulardomainin.R2:
D={x∈R21R、<固 くR2},
whereO<Rl<R2,andriitsboundaly:
ri={x∈R211・1=R`},i=1,2・
Weconsidelthefollowingboundaryvalueproblem
-。△u+(u.▽)u+王 ▽ρ 一 ・
ρ
divu=O
u=勘 十b1
inD
inD
on∂D
(2)
wh,,eu。andb、a,ea、f。U。w、 、u。=EiE・,(μ ・・nze・…n・tant)(・,,・ 、ar・th・
・㎡ ・vec…si・p・1・・c… 占・at・{・,θ})・・dムb・ ・血d・ 一 ・,i-1,2・
RemarklTheboundaryvalueuo十blsatis五estheconditon(∬)obutnot
thec・ndit・n(∬).
NotationLetHm(D)betheSobolevspace.Theinnerproductandthenorm
ofHo(D)=L2(D)aredenotedby(・,・)andl卜ll.Hδ(D)istheclosureof(奪)(D)
inHl(1)).
0品(D)isallthevectorvalued(㌣(D)-functionswithdivelgencefree,Hσ(D)
isitscompletioninL2(D),andV=Hσ(D)∩Hδ(D).(Seee.g.[7])
DefinitionThevectpruisaweaksolutionoftheproblem(2)ifandonlyif
uisinＬHσ(D)∩Hl(D),theboundaryvalueu=binthesenseoftrace,and
〃(▽u,▽v)一((u・▽)v,u)=Ofor∀v∈V(3)
holds.
NowwecanstateourresUlt.
TheoremLetμ,b1,b2bearbitraryconstants,
(i=1,2).
suMcientlysmall,theweaksolutionisunique・
Thentheproblem(2)hasatleaぶtonesolution.
andu。=E。.,b、=b、 。、 。。r、
7'
Iflμ1,lbil,lb21are
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2Navier-Stokesequationsinpolarcoordinates
L・t・・,・b・th・unit・t・nd・・db・・i・vect・・si・p・1・c…dipat・・{・,θ},
u=u,e.十ueeeandv=v.e.十veee.Thenwehave
(u・▽)v-(嬬+需 」 警θ)er+(・・雲+㍑+竿)・ ・(4)
△u-(△Ur÷ ㌶ 阜+(△・・一芸+辮)・ ・(5)
where
△ん=㍊(∂ 九r-∂ア)+±蒜
forscalarfunctionん.
Navier-Stokesequations(2)inpolarcoordinatesaregivenby:
一〃(△・・÷ 三篇θ)+蠕+叫芸+㌣ 筈 一μi2-o
-・(△u・一碧+三 雲)+ご 劣 桃 雲+㌣ 箒+竿 一〇
㍊(rUr)弓箒 一〇
Wepreparesomelemmas.
LemmalLetw=ω.e,十 ω θeθandu=u.θe.十uθ(r)eθ..R2-i皿erproduct
of(w・ ▽)uandwisasfollows:
(W・▽)U・W－ω染 柄 ・(警一÷)+ω9÷
L・mm・2L・tu・ 一:…Th・nf・ ・∀w－ ω…+ω ・e・∈ ・品(D),w・hav・
((W・▽)U・,W)一μ工2∠2πω多三ω～d・∂θ・
LemmalandLemma2areeasilyderivedfrom(4).
Lemma3For∫,g∈08。(D),theinequalities
/:2!,2"(≠)2・d・dθ≦;(1・g』i)2/:21,2π(書)2rd・dθ
/。12/。2"・elfg櫛θ≦α{劔 勿(i;)2・d・∂θ㌘ 欄2・d・dθ}1/2
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h・ld,wh・・eα一/:2ri+el・g融
L・一 ・3f・ll・w・i-・di…lyinvi・w・ff(r,θ)=隠4・a・dS・hw・・z,
inequality.
Lremma4
((u・▽)v,v)=Of・・∀u∈H。(D)∩H1(D),∀v∈V.
Fortheproof,seee.g.』[7].
3ProofofTheorem
Welookforasolutioninthefbmu=u,e,十ueeewhereu,,uθ,ρdepend .only
onr.Thenthefollowingsystemofordinary(lifferentialequationsisderivedfrom
theNavier-Stokesequations.
一〃吟 ・1一吉 叫)+1〆 輌1÷;一 ・(6)
一・(,,1'1u・+FU・一 戸 μ・)+叫・:弓 叫・・一 ・(7)
1(・Ur)'=o(8)
where'meansdif』entiationwithrespecttor.
From(8),wehaveru.=c(constant),andu,=c/ア.Thisconstantmustbeμ,
sinceursatisfiestheboundaryconditionu.=μ/是onr`,i=1,2,andweget
μUr=一・
Substitutingthisinto(7),wehave
ub'+i(1_E
〃)ul-5(1+S)C・=0・
ThisordinarydiffelentialequationoftheEulertypehassolutionsinthefol-
lowingform(Jeffery1915,c.f.[1]wherethestreamfunctionisshown.):
ifμ ≠-2。,。,一 旦+,、,・+e,andifμ 一 一2",。 、-1(,、+,、1。g。),wh,,ec、,c27'ア
aleconstantstobedeterminedfromtheboundarycondition.Substitutinguア,ue
into(6),wegetp.
Theref()reweobtainthesolutionuoftheproblem(2)asfo皿ows.
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Ifμ≠-2",th。nu-E・,+(旦+・ 、・・+e)・,,wh・・e
r7'
b、R、罵+儂 －b、R、Ri+告6、R、 ・b1Rl
C1=
Ri2+e_Rl+儂'C2=罵+儂_Riザ
Ifμ一 一2",・h。nu-E。,+1(,、+,、1。g,)。 、,wh,,erア
6、R、1・gR2-b2R21・gR、b2R2-b、R、
c1=1
。gR、-1・gR1,c2「 ・gR、-1・gR、'
Remark21fμ=0,thenuisthewellknownCouetteflow.
Letusprovetheuniqueness.Letubethesolutionobtainedaboveandletii
beanypossibleweaksolution.Letw=u－色ThenwsatisfiesthefoUowing
equation:
{蝸'▽v)一{((u㍑u)一((丘'▽)v)')}≡i㍊(9)
T典gv=win(9)andusingLemma4,weget
〃11▽w‖=一((w・▽)u,w).
LetJdenotetherighthandside.Then,fromLemma1,2,wehave
」一一/:2/
,2"{ω㍑+ω ・ω・(雲θ一÷)+ω言㌣}rd・dθ・
F。,thec。、,μ ≠-2",w,、ub、tit。t,。,=Uandu、 一 旦+・ 、・1・ei・t・th・ab・v・
7'7'
expressionandobtain:
」-/:2f
,2π{芦(ω3一ω多)+(芸一歩… りW・ω・}・d・∂θ
ByLemma3,thefollowingestimateholds.
l」1≦　1(bgll)2{筈2艦θ2}
+1・1(R210gR
l)2誓 書 θ(1・)
,+1μ …21工㌔1+Sl・g・d雁 染
≦c‖ ▽wll2
11
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where
・-1μ1…IC・1(1・92)2+1砦1ピ・・+儂1・9・d・・
Therefbre,iflμ1,lcll,lc21aresuf丑cientlysmall,thatis,iflμ1,1611,lb21are
suf6cientlysmall,thenc<レholdsandtheuniquenessisproved.
Forthecaseμ=-2μ,theproofissimilarandisomitted.
Remark3Letblbeanon-constantvectorsatisfingthecondition(H).
Supposethattheinequality
y－号(1・g誓)2>・
holds.ThenwecanshowtheeXistenceofaweaksolutionoftheproblem(2)by
theusualmethod(Seee.g.[4D.
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